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I. SUMMARY

Analytic investigations , or more precisely, the computer simulation

of flows through a cascade of blades in turbomachines have become

more and more important as an essential source of information for
p

the design of high performance turbomach ines in recent years , because

the pure- and semi-emp irical approaches are both costly and time -

consuming .
p

The OBJECTIVE of the proposed study is not onl y to develop a

new numerical solution techni que to simulate the transonic cascade

fl ow through turbomachines , but also to improve the understanding

of the basic char acteristics of turboma chine flows through a systematic

process of improvements to increase the level of model sophistication.

The Finite Element Method (FEM) is chosen for its advantaaes
$

of g e n e r al i t y  and simp li city of both mathematical formulation and

numerical solution. It is especially suitable for solving problem s

with irregular boundary geometry including curved as well as sharp-
p

cornered ones , because the shape and size of each element may be

specified arbitrarily and sides of each element may be curved . There-

fore, the complication of governing differential equations through

coord i nate transformations needed to result a rectangular computation

domain in finite difference schemes can be avoided , and the accuracy

~s well as computing efficiency nay he improved by adjusting the size

and shape of the elements. Supported by an AFOSR grant (AFOSR-76-2982),

the Phase I , Two-dimensional Potential Cascade Flows , and the Phase II ,

Two-dimensional Viscous Cascade Flows of this projec t have been completed .

Results obtained from the Finite Element Modeling are not only

)
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com pa rable with those obtained by other numerical schemes , but also

soun d physically. Since the simulation of these two cases are intended

only as stepping stones for studying the model of higher level of

sophistication , rather than duplicating the extensive results obtained

by var ious other numerical schemes; the primary contribution of this

project is the development of the new modeling technique , based on

the FEM .

The success of the FEM in the structure analysis of the turbomachine

has been remarka ble . Many prev iously i n trac table probl ems i n structure

design and vibrational analysis have been reduced to routine calcu-

lations by using this powerful tool. It is reasonable to believe tha t

the application of FEM in the aerodynamic design of turbornachines

shall be successful also in the near future , although there is still

a grea t dea l to be done. As the capacity and the speed of modern

di g ita l computers continuing to improve , it is expected that the

development of three-dimensional f lows through turbonuch ines is

hi ihl y promising. Therefore , it is highly recommended t h a t  the s u p p o r t

in this area be increased .

p

2

p

p



r ~~~~~~~
— -

~~~~~
—

~~~~
-
~~~~

- - - --
~~ 

-- -~~~~~

I

II. A GENERAL DESCRIPTION OF THE PROJECT

p

The Over-all Objective of the study is to develop a new and

efficient technique for turbomachin e flow simulation . The FEM is

chosen for its advantages of generality and simp licity in both model

formulation and solution. It is especially suitable for solving problems

with irregul ar boundary geometry including curved and sharp-cornered ones ,

because the shape and size of each element may be specified arbitrarily

and the sides of an element may be curved . Therefore , the many diffi-

culties due to signala rity or discontinuity are eliminated and the

computing efficiency can be improved by simply adjusting the size and

shape of the elements as appropriate. Following the basic approach

of a systematic process of improvements to increase the level of

ulodol sophistication , the over-all objective is to be accom plished in

several phases. The First Phase is the development of a system of

basic computer subroutines for carr ying out every step of formulation

as well as sol I 1t i~~n using the FLM . Although the testing case used in

the first phase is the potential cascade flow for the convenience of

verification; the coniputer codes developed are carefully designed so

p hat they nay be used , either as they are or after inor modification ,

as “building blocks ’ to “con~truct ’ programs for simulating f low models

at h i cj he r  levels of sophistication. Results obtain ed in the Phase I

studies are in q~dd agreement with those published elsewhere. Studies

tc)r improvemen t of’ efficiency of each subroutine as well as the overall

‘ ;y ’ ~~tc ’ ; have also been comp leted . A brief outline of the si gnific ant

• 
ic it r i li sh i nent of Phase I studies is given in Chapter IV. More details

are included in a paper entitled “Computer Simula tion of Cascade Flows3



‘ Hin Axial — Flow Compressors ” and So ’s thesis entitled Computer Simulation

of Cascade Flows of Idea l Fluids. Copies of these two publications are
p

given in the Appendices of this report.

Al though both Viscous Cascade Flows and Compressibl e Cascade Flows

are proposed f~r simultaneous study in the Phase II of the project; the
p

last minute reduction in support by AFOSR , has forced the investi gators

to concentrate thei r effort on the Viscous Case only. Results obtained

from the Phase II study is briefly presented both in Chapter V and in

an Abstract of a paper entitle d Finite Element Modeling of Two-dimen-

sional Viscous Cascade Flows (see Appendix A- i ).

If further fundin gs are available , the investiga tors would like to

continue their contribution in the advancement of the state-of-the-art

on Finite Element Method in T rbomachinery Flow Simulation . They

have experienced that the FEM is extremely suitable for the hi ghly

irregular geometry o~ turhom achinery flows , that the computer codes

developed are  quite general and versatile , i.e. one program can be

appl i ed to severa l different cases , and that coliputing time can be

reduced by refininj the al gorithm . Therefore , they are confident that

the success of the F ~M app lication to aerodynamic analysis of the

turbom achiner v design may match that of the FEM application to the

structure and vibration analysis of the turhomachiner y design in

the near future.

p

4
p

p



III. LIST OF PUBLICATIONS
p

The following is a chronolog ical bibliography of pub lications

and significant scienti fic papers resulting from the work performed

P under the support of this grant (AFOSR-76-2982):

1. Wang, S.Y.; Mach , K.D. a nd Su , T.Y.; “Computer Simula tion of
Cascade Flows in Axial-Flow Compressors ” presented at the First
Internationa l Conference on Applied Numerical Modelling, held ~tP University of Soathampton , England , July 1 1— 15 , 1977. Published
in the book , Appl i ed Numeri cal Modelling, ed. by C.A. Brebbia ,
Pentech Press , London , 1978.

2. Wang , S.?.; “Fini te Element Solutions of Tran soni c  F lows in
Axial-Flow Turbom achines ” F r o ~ res s Report submitted to US-AFOSR ,
Jan. 20, 1977.

3. Wang , S.” .; “Finite Ele l lent Solu tions of Transo ric Flow :- in
Axia l -Flow Trub o m: Ichi nes. Phase I: Potential Cascade Flows ,”
Interim Scientific Report submitted to US-AFOSR , July 30, 1977.

~~. So , T.Y .; “Computer Simulat ion of Two -dimensiona l Cascade Flows
of Ideal Fluids , ’ M .S. Thesis , the Un iver~ity of Mississippi ,
School of Eng ineerin ~ , Ma y, 1978.

5. Wa nd . S.?. and Su , T .Y. ; “Finite Eleme nt Modeling of Two-dimen-
siona l Viscous Cascade Flows , ’ paper i l l  preparation for presen-
ta t i~ n at and publ ication in the proceeding of the Second Inter-
natio nal Conference on Computation a l Methods in ~on1 inear Mechanics ,
to be held at the University of Texas , Austin , Texa s , Ma ”ch 26—
30 , l~)7 9.

P
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IV. RE SULTS OF POTENTIAL CASCADE FLOWS
0

Using the two-dimensional potential flow through a cascade of

airfoils as a testing case , results have been obtained in terms of

velocity, stream function , and pressure distribution (Figures 1 , 2,

and 3). They are not only physically reasonable , but also in good

agreement wi th both analytic solution of the potential flow theory

and some experimental data of low-speed turbon iachinery flows.

Extensive effort has been devoted in developing computer codes

being both accurate and efficient. Since the shape as well as the

size of each element affect the accuracy of the F.E. Solution , and the

number of elements used in discretization of the fl owfield will be

related to the c~ai pu tir,g time required for generating solut ion;

several F.E. systems heve been studied . The isoparametric formulation

using (luadralater al elements (Figure 4) have been founc more desirable

than u s in ~ triangular elements (Figure 5). The correlation betwean the

computing time required and the numbe r of quadri latera l elements used

in the disc retized domain has been found . It seems that the computing

time required is r ough ly proportional to the cubic power of the number

of elements used . More importantly, results with good accuracy have

been obta i ned from an element system with relatively small number of

elements. ithough one can always generate more accuracy for a great

deal less. It is worth noting that since the FEM is essentially an

implicit scheme ; therefore , one does not have to worry about the

problem of computational instability at all.

Each computer code (subroutine , function , etc.) as wel l as the

computer pro gram has been carefully examined and tested to insure

) 6
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tha t they all be highly efficient. cUr example , using the Incident

Symbol to assemble local finite element equations into a complete set

of global equations is the most conven Font way to do the- job as far

as the mathematics and programming are concerned ; unfortunately,

it requires a lot of computer storag e anJ computing t ime , t h u s , not

efficient. A new scheme h i s been developed by us , which saves both

co mputer storage and , more importantly , reduces the comput ing time by

two-thirds. With this improvement , a potential cascade flow can he

completel y solved by our computer proqram within a few ii nutes .

Therefore , we are quite encouraged to at tack turbo machine ry f low m odels

of higher level of sophis t icat ion .

The stream function as well as the velocity potential forr ul ations

have also bean tried . It has been fo nd that althou qh the velocity

potential formulation gives better pressure distribution on the surface

of airfoils ; however, some difficulties in JL ’fin ing the boundary

conditions at the exit of the comp utin q domain (see Figure ~l) have

been experienced . Fortunatel y. the un iform velocity assu mp tion

seems to give good resu l ts .  On the othe’ r hand , the siream ~inc tion

formulation , has been found he lm much more conv eni ent than the velocity

potential formulation , beca uae the boundary conditions require .i are

not only of the Dirich let type but also needed only on solid and

periodical boundarie s , (no boundary conditions are needed at the entrance

and exit plans ) and its solution is quite accurate in the entire flow fie ld.

This is another advant ari : of the FEM or the Variational Method in

genera l for tha t matter.

Of the different element system s attempted , it has been found that the

ones we developed (see Fi jure 4) are superior than the ones used by

P 7
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previous workers (see Figure 5 and 6) . The el uveri t system developed

by us involves less number of ele imients than thos~ m equ i ‘ed by the ore

in Fi gure 5 to achieve the same accuracy; therefore , it is mo re

efficient. It is better than the one shown ~n Figure 5 from another

view point , that is that globa l coordinat e of each ‘ode can be easi ly

~enerated by computer rather than deter - m e d  hy Some m ne a sur ’er c-n t and

put into ~he computer as an input data fi le. Compared wi t h the connu-

tation domain shown in Fig ure 6, it is obvious that ones is more

reasonaole , because a large portion of fluid in t i c ex i t  regio’i of

the domain in Figure 6 didn ’t come from the entrance of the domain ,

so that the”e are inconvenien ces ii, ‘i niposinq boundary conditions in

the case of Fi gure 6.

it should he emphasized thv t the Kutta Condition~ at the tra il imq

edges of the ulades are extre:uel ,‘ I : portar t tv the accuracy of the

F imii t e - ~flement Solut ions of potential cascade flows . A few cases of

blades wi ti very thin trailing ednes have been te-u Led without im pcsi n;

the Ku tta conditions. Results are found to be very sensitive to the

thickness o~ the trailing ed jes.

A copy of the paper sum ma rizi n u the approach to solution as well

as t ’pical results aS been published in a book . AP PLIED ‘i~MERI CAL

MOP [LI Ih~ , edi ~rd by C .A. Brebbia , printed by Pentn- ~h Press, London

is i mu .luded in the Appendices of this report.

8 
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V. RE SULTS OF VISCOUS CASCADE FLOWS

Due to the re l ative ly na rrow passages of the turbom achin ery

flow and the physi , m l evidences of boundary l ayer for m ation , Separation

and reattachmnent , etc , the viscous effects appear to he important.

Therefore , the Phase I I of the project is the Finite El OlilCIl t M ~d el j 0 ]

of the Two-dimensional , Viscous , Cascade Flows . Following the policy

of a sySt e:atic approach to increase the level of model sophistication ,

the low-speed laminar case was considered .

Th’ basic assumpth na , nathImIa ti cal model development usin g the

r:’t , solution pru ,,t’d mre s , and m e a l  ts obtained will 10 discussed in

let:m F l u in a fo r t he  l In ing  paper enti Lied , “Finite El eviemI t !‘odci ing

of Two - -l i imme nsio nal Viscous  Casc ad e F iOW S ’ . to be su[’ i i t ted  for

‘h i i : ,t l .iai in t he  i r e c e ej i n I ’ ~f t i m e  Sec- m id Internat ional Co nt ’ ’ i ’ence

on Co ;n put a t io nal Me thods in Nonl inear  Me~~han ics .  ts ~ i I 1] draft

-~il 1 be ‘;en~ to APO FK for revie’ -. , A copy of i ts  Abs t r e c t  is Ot t d L l l L I i

in the A p p e r m J  ices of th is  m’ ’apuI ’t

The computer plots of a few typic a l cases are given in fi yures

7, 8, 9 and 10 . The effect of russure difference between the entrance

and e. it at the cascade is seen i n  figure 7 and 8. which shows that

the speed is increased whe mm the pressu re difference is raised . /‘

any 1 e of a ttack is c~l I r mjcd from 5’ tI 10’ , on l y minor var iation i n

f l ow f ie ld  is seer m in figure 8 ~r ml 9. This is probabl y due to the

s t rong pressure q rad ien t which may have dominanted the flII~’.-f F e-ld ChO~-OI .-

t ( ’ r is t ic s . The e f f ec t  of blade shape , the th ickness and camber of

the blades , is m ore ; m ’ unv ~ nced . As one can see frcc,i figure 10 , that

16
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there seem s to have a c e l a r , l t i o m  reg ion e~ isting over the last one third

a t  the suction ,Imr face , whiCh is a phenomenon one expects in the

v i sco im’ flow. Seneral ly speaking, the fl ’n ’fiel d properties obtained

from the present finite element mouel i ng are physically reasonabl e and

comparable - ‘iith those of others published .

One special feature added to the F.E. Modeling techni que for the

~-io-d imens ional viscous flow case is the u ti l izatio ii of’ the Mixed

Interpolation Functions. The first order interpol ation functions are

used for approximating the velo city field , and the second order inter-

plation function is adopted for approximating the pressure field.

This is necessary fm achieving the uniform errors in pressure field

and ve1o~ it n feu d; because the hi ghest differential operators of’

FIr I ’s’u ’e and ‘~eloci L v in t he Nov icr—Stokes mn ; 4at ion s arc of di fferent

llm ’ Fers . ‘ml th ou ih miore comim pu t e r  s t u r m g e  are re~ u i red , he results are

m e - h better .

17
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VI. CON CLL FPiONP

Finite element mnode ls of the steady, two-dimensional , potential ,

as well as viscous cascade flows have been developed . Numerical re-

salts for V O e - I I I’- cases have been genera ted using a Fortr cn JV Computer

Code including several subrout ines , functions , as  m d l  as a ma i n

p~’~NiraIn . Results of typ ical cases , such as ones plotted in figures

1 , 2, 3. 7 , 2 , 9, 10 conform well mO th the potential and viscous cascade

soluti ons of others. By examin ing the veloc ity vector plot (figure 1),

one can see that the magni tude of the velocity incrs’cses ‘ -here the cross-

scution area of the flow path decre-ases and ~ice versa. The direction

of the velocity a’ every node on the reassure ari d suction surfaces

has Leen calculate s a i d found tanqee t to the blade surface in the

case of p o t e n t ia l  flow model

To further yen 
~:: the arm ’ectness of t Fm e Finite El e P’ 5 Sol ut iur

the no r laliC ed static pre ssure distr ibuti on alonu the pressure and

suction surfaces uf the cascade flow is red iced  f r i  , -  t mie stream function

solu t i om — i’ d p lotted Fiau r e 3 to  com pare wi Ui the Del ,irmC\’ s~ re al t

based on the highl y sophisticated fin ite ‘li ff e - ence model as well as

some experiment al da ta  of hte same cascade configur ation provided in

Dela ney ’ s disser t a t ion. The devia tion bet - - n  the finite element

solutions and Delancy ’s resul t is prim a ril y due to the difference in

• the basic iade~ assumptions. The pmNmn nt model is based on the in-

compressible fluid ~ss tmiipt. ion; wherea s Dela rm ~ ’~ ‘s model was

p

*References are 1 is t eF only in Su ’ s thesis (See App endi ’1~ A— 3 )  to
avoi d d i 1 d i cation
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based on a subsonic compressible flow assumption . The pm ’ima ry reason

for comparing with Delancy ’ s results is the fact that his cascade

geommmetry is adopted for the present study. In the same figure , one

can also see the fact that the pressure sistribution reduced from t h e

velocity pote ntial solution is in better agreement wi th De 1arm~y ’ s

results than that from the stream function solution. It is generally

t r u e  that the velocity potential solution is more accurate than the

stream function solution. However , the stream function formulation

is more convenient in specif ying the boundary conditions. During

the present study , the Kutta condit ion at the trai l ing ed ge has been

carefully satisfied . It has been observed numericall y that without

Kutta condition a slight deviation in trailing edge thick ness of a

very thin trai linq edge results a large change in flom ’,-f i eld properties.

especiall y the static pressure distribution. This observ at ion demon-

strate-~ the importance of the Kutt a condition at the tra ilin g edges.

Results of tm ,o - d ic ,n siona l , viscous cascade flows are pres iml t ni

in figures 7 t trough 10. The effects of’ pressure gradient across the

entrance and exist, the ang le of attack , and the blade shape have

been investigated . Some typical results are plotted by the computer

(see figures mentioned above). In yneeral , the pressure gradie nt

varies the magnitude of velocity away from the boundary layer of the

blades , the angle of attack at the entrance primarily affects the

direction of the velocity vectors , and the f low tends to separate

when the camber and thickness of the blades are increased . More

detailed discussion on the viscous case will be g iven in a paper ,

Finite Element Modelling of Two-di m ensiona l , Viscous, Cas cade Flow ” .
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Its abstract is inc l uded , hot- - ev e r , Ill the A p : end ices (A— i

It should be eluphasiz ed aga in  tha t the PRIMAk OBJECTIVE of the

present study is to develop a general computer code based on the

finite element mimethod for solvi n the Sm ’iu—d F e l l s  ional cascade flat - -s

The ~l lte l t  ial f low model is chosen to sia ve as a test 1ase fo m ’ ve m ’i —

fication purposes in t h e  Phase I studies of this pr’Jject. Based on

the ofor emmmentio rmed results , it iS I F , ious that toe computer code is

satisfact ory an- i can generate reasonabl e flowfie ld char ’ a c tem ’ is t ics

f m’om a rob tivel y simple elem ent s,ystemn . Sonic effort has been

devoted 1mm inmprovin y the efficiency of the finite el em ’ment mod el

Al thoug h an analytic l’/ay to determine the opt inlcm con figuration (size—

shap e )  ot the finite element system fa r obt aining a reason ’m L - le accurate

m ocom l 5 j t  least com F u ,ing cost has not 1’et [lee , established ; the relation

he~we -n coci ; -~ t i n- i  t i ne  i m O  na Iler of ci enlentS has bee t , established

based on the computer ex per ime ntat ion of oe v i ’ t -al  l i l t  f~ out finite—

el email t sys tem c on f igu ra t ions .  The c c m 1 u t i  ny time is approximately

propert ona l  tn ti a cubic power of the total  m u m - h-er U t  el e r - a n t s  - m e d

to d i sc r e t i ze  th e flowfie ld. Using th is  resul t  one can , a t  least.

‘st inma te 1 1W muc h miom ’ i h~ has to pay for the better accuracy he gets

by inc rea s ing  the numimber ( reducing the s i ze )  of elements.  Using a

spec ia l  a ss enb l  i n~; Lec hni 1]ue deve l  o me d L-j the If l V I  ut igat o rs for

ob t a ining the (11 ) 1-0 1 I’ I ] m a t  l Ol l  1 o n c u t i n ~ j Un  i m Os red o ed. r l f h o u~ :

th is spec ia l  (or ir ; L~1roved ) a s s a I l ’ ]  i r i (J tech ni que is not as 1’ - ’ ’ e” l l  as the’

incidence a t r ix  schemm ie; i t is defl ‘ii te ly IIO r l a t t r a c t i v e  for developing

a pro d uct  ion program . he I-a sic I ‘rI e] mt of  t h i s  sp ee ia  asso : hl i g

techn i l m e , a n- I  the d e t a i ls  of t h i s  sc hem ime are de ,I r i b ’ ,I in du ~~~ t hesis

in ,\Fl I m m i i ~ A-3 .

( I,
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p

One should also note that almost all subroutines md functions

• developed f rom u the present study are in a form as genera ] as possible.

in oi Lier that t h e~ carm be used in the future to s im im ul ate cascade

tI om y s of higher level sophistication w ith little or no modi f icat ion.

* 
It ‘ genera l l y agreed to the fact that the c o i m i put i im y time for

simul ating a typical boundary va lue  problem m -ii th mimode ratel y irregular

bound ary qeo Iletrv by the f in i te di f ference and f inite e le m ent methods

are comparable at the present state-of-the-art. In view of the fact

that the f inite dif ference sche m es have been in exist ance much longer

and thus have much mmmor e refinements havi ng been built in to them

than that of the finite elem ent muethod , which is still in its infant

stage , as f~~’r ’ as flowfiel i an alysis is concerned . Thus , it is quite

clear ’ t h a t  th e finite element model ing of the cascade flcw is more

prom imisiny in the futum ’e , because there is p lenty of m’oomii for refine-

, t Iflt
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V I I .  K E C O M M E N DAT ION

It is quite obvious that the realistic turbom im achinery flow is a

s hree-dim imensiona l , unsteady , ron -uniform , and turbulent flow of a viscous ,

conm pm’essi ble , ami d ieat -c om iduct i ny fluid w i th additional compi icat ions of

bounda ry layer sepa ration , cavitation and eve , shock wave i nteractiom m s

for som ime cases .  Al t hough the computer prog ram ims developed from the

present study are ide the s imiipl iest  cases the two-dim e m m ’ ional , potential

as w e l l  as laminar v iscous cascade f lows , some basic subroutines are

directly app ] icable to m ore general and sophi sticated moc~e 1s as well

and some other subroutines require only minor mod i fi cO ti Ot i s .  Mi th thi S

basic and qui te gener a l  commmputer codes in hand , one shou ld n ‘ t have to

much difficulty to attack the cascade flum e of hi lahe ,’  level sophis-

S 1 L  at  ion. Therefore, a m a j o r  c onur i  lot ion to the app ] ica t i - a n of FI t - ~

a t h e  aerod yna m ic m~m l y s i s of I ne - d o - chines has been m ade.

,-\s c t - m i t  j a mmed  previ ously, t h e  :m~ p l i cat i -r i  of F M  in tum ’bonms cli in em’ y

In ’,- ’ ,j r r n m l , i t i O m l , or in an’i fluid flow studies , is rel ativel y ii~- ’,- i.  Many

co mput e L om io l fluid d y m iamn i sto are still referin i ts evelo pm em it being iii

the stage of nfanct’. It is Lf i  i te true t Ime much re m na ins to be done in

ord er to m ’e f i m le the FEM for f ow an a l vs i  s to the sta l l ’ tha t it car com etc

mc t h tO e we ] 1 —dove ]  o ped FPtt  for the sa m m me purpose . It i s , ho-~- e v  el . a 1 50

true t hat tho app ] i ca t ion  of ~hM to s imulat i ng tur llol I c i m i m i t ’ ~ows has met

w if~ th e di f f  Cl i i  ty of 1 i mm m i ts of both computer storage 0111 1 comi lputi nq

t ime , as wel l  as the d i f f i c u l t y  ta deal wi th the irr e r i u lar geometry . It

flid~ be wise to deve lop arm e m it i rely new appto ach , e.g.  the F I N for

s into 1,1 ti ng the turbomach i r i em ’ y  flows . And , from the en r’m’ erm ti y ox i St i rig

r e ,ul ts f i l l ’  ~[ ‘OiliO tm’ i call y s im pl e f low pm ’oh l ems the c omm mpu ten s torage

• 26 
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as well as conmput ’ing time required by FDM and FEM are almost comparable.

Remembering that the com imparison is made between a well — developed

Method ~FDM) and a very crude method (FEM), one should believe that .

with refinements the FEM is likely to show its effectiveness in flow-

fiel d silu irra tiOn especially for flaws with irregular geometry .

Therefore, it is highly recommended that the Finite Elemnent Modeling

of three-d imensional , pote ntial , viscous and transoni c flows th rough

turbo nmachiner y be strongly encouraged .

27
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FINITE ELEMENT MODELING OF

TWO-DIME NSIONAL VISCOUS CASCADE FLOWS

ABST RACT

A new approach based on hv Finite El ement Method (FLf-F ) to the

simulation of the cascade (blade-to-blade) flows through an axial-flow

turhoma chi es has been developed . Using the mirethod of w e i~~h te d  residual

the vari ational funct ion als are formulated from the nonlinear

Nmv i n m ’ -Stokes equat ions and the continuity equation for the case of

two—dimensio na l laminar flow of viscous and l lle -~ l l ~ l ’OOS1 b le fl i ids .

The rather irre gular flow regi nme of the turhou~achin er cascade can

be r’iscretiz ed into a set of well -desi gned tw o-di m ensional , quadri-

lateral elements -ii th the size amr d shape of each element chosen for the

O p t m ’ umml computing efficiency, i.e. requiring least conmput ing time

under the constraint of a certain accuracy. The mixed iso pa r am et m ’ic

interpolation functions have been adopted for approximating the field

properties with the first order interpolation for pressure field and

the second irdr’t ’ interpolation for tim , velocity field , becaus e the

highest differential operators of these two fields are 0 F the firs t

and sacond order. The utilization of the mix ed interpolation fu let ions

g ives more unm form errors in these two field quantities, and thus ,

better uniform accuracy. The discm’eti zatio n in i-fmne —doma in is accom-

p1 ished by the rthod of fini to di ffe r -n e. Therefore , the pres ent

arlm )ruach may i-c referred to as ~ finite el e ilmom ~ and finite di f f em ’ e nc e 

.~~~ ‘~~~~~~~ - ~ ~~~~~--~~~~~ -



technique.

The mua thematical formuu lation steps , such as: dem ’iving the finite

el emrren t equations , asscm bl i nq into the g I oha 1 set , im impos ing bound ary

and initial conditions , a r l  rearra ; i i n g the fin a l global set to reduce

the computer stora Je requ i m ’~ Ilei i t  m i ld i m i p m ’ ive t h e  : i m m m p u t i n j  e f f i c iency ,

a re carried out dy a series of coml u t m ’ r  sub— pm’o granm s. Each is desi qnl d

for a specific step. They are written in a for as eneral as possible ,

so that they will be used as d uildir ; blocks to construct mou nter codes

for model in turbo irmachinery flows of higher level of sophistication.

~Jt all erica l res tli ts for ;arious pressure gradient (between the entrance

and the exit) , t ime angle of attack , and L im e c1m~:ihem a l l  thickness of the

blades h i ve been ob ta i ned . ft relatively hi gh press ure gradient , the

l owfield t rupert iel; am’ c almo st dui~i mim te i by the p l r e5~
’ i r ’e - l r j iti °m m t , so

tha t the ef fect of angle f attac is ~ minor i~’pum’tam -~:e. The e’.’idence of

bou mi d a m ’v ia’’ i r on pa ’ation is o n  re - 1m ’ the tra ii ing edge over the cue tion

surface of the blade , which is e x : n c m c - d  fur th e v i s L o s shear fIrl-I .

lI re O x f  ImSi v e ll lilIe - ’ ll ’ ,t~ n o ; ]  ts m m d  e a n t e m ’  plots - -.1 1 1 be presente d

and d i scusse d  in tIme a per.

t Iri s fo od t n1t  t h i s  miam ~’ a m ~~m ’u~~,h is s-e r’; ver sa tile - -.-i th m’esp ect

o q~’ ‘-c tr i cal cond i t ions (1 i he curved  dIe - i sharp-cornered I unm idari  es)

WH ich can be handled in a st ra i ghtfo rward - m y ,  The co mm ute r storage and

m ;o’upu t ny time requ i r oo ts have been l. Lpo rob] e to the well —Cs tabl i s Fe d

fini te difference schemrmes for S illlu ’L’t im l  I 5iill j lar rol l (t I l lS. hi th

rt  her re fin eci r m t the I ~M n°ferg a m m ’ xl lj  s ing a] to rnat ~ve to the turb o—

m imach i r r ’m~ f lew s im nul a lion.
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-\ better understandin g of the fundamental characteristics of the

flow throug h turhom ach ines ha~ become incr ea singl y i mpor tant to 1)0th

ex p e r i m e n t a l  r e s e a r c h e r s  and t u r h o m a c h i n e r v  des i g n e r s .  I t  o f f e r s  t h e

e x p e r i m e n t a l i s t  a wiser choic e of test pa rameters , and p rovides t h e

desi gner w i t h  the  p r e l i m i n a r y  des i gn i n f o r m a t i o n .

As the pe rformance as we ll as the efficiency requirement s have

become more and more demanding the turbom a chin e s have to he operated

at much heavier aerod y namic loads and  much hi gher in le t speed or

temperature. The rea l flow p henomen on within the turb omachines has

3- 
become extremel y comp lex . It is a t rul y three-dimensiona l , uns tead y,

non-uni form , rotation al and turbulent flow of viscous , compressible ,

and h e at  — c o n d u c t  i ng f l u i d s  i n . ’olv  i ug  boundar y l ay e r  separat  ion ,

F 
cavitation and re a ttach m ent effects , as w ell as the shock waye

interact i o n ” . Besides , the com pl ic a ted boundary g e o m e t r y  causes

add i t  iona l a n a l e t  ica l d i f f i c u l t y , The mathematic a l model of real f l o w

through tu rho mac b ines includes a set of it on- li ne a r partial differenti a l

and al gebri c equati ons (to he d e s c r i b e d  in Chap t er II) . Recently,

t he c l ass i ca l , over-sim p lified a n a l y t i c  solut ions which pro v i d e d

usef ul information for low-speed turhomachines in t h e  past have been
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found inade quate for modern turbomachi ne desi gn. The empirical

approach also used in  the past as  a p r i m a r y  tool in the develo pment of

turbomachines has been found too costl y as well as time-consuming due to

the fac t that there are too many parame t ers having to be considered

before art optimum confi gura t ion of the high performance turhomachine

can be determined . Fu thermore , a f a ilure oc curing durin g the develop -

men t of a new turh omach ine not onl~’ req uires millions of dollars to

redesi gn , manu fa c ture , and test its rep lacemen t , bu t a lso se r ious l y

impedes the development cy cle. Consequentl y , t he numerical approaches

or compu ter simulations of more realistic tur h om ac b in er v flows have

become more and mor e important for p relimi n ary design informa t ion and

for guiding the int elligen t experimental studies t o  reduce unnecessar y

tests.

St eady progress in the fie ld of turho machinerv numerical calcula-

t ions have been achieved during the past twent ’, y e a r s  or so. The methods

of n u m e r i  cal  approaches have changed s i g n  i f i c a n t  l~ front  o n e - d i m e n s i o n a l

p~~~~~ge ca l  cu l at  ions to  t w o — d i m e n s i o n a l  t r an s o n  i c c , i  1 cu l  at ions  as wel  1

as the three-dimensional inviscid and boundary layer p r o b l e m s .  Accord i ng

t o  the f u n d a m e n t a l  work of Wu ’, the  t h r e e - d i m e n s i o n a l i n v i s c i d  f l o w

equations are formulated into two sets of two-dimensional inviscid flow

e q u a t i o n s  on pseudo-or thogona l s u r f a c e s . One of t he se  f l ow s  is  located

in blade-to-blade surfaces (the Si su r f a c e s ) ;  t h e  o the r  f l o w  l y i n g  on

huh- to-shroud surfaces (the S2 sur faces). Information obtained from

solu tions in blade-to-blade p lanes (Si ) m u s t  be used i n  t h e  m e r i d i o n a l



so l u t  ion (52 1 and v i c e  v e r s a  i n  an i t  er ti at jve so lu t  ion s c hem e .

Approaches are made today with either streaml ine curvature , finite

dif ference or fini t e elem ent for mu la t ions for t he s o l u t i o n  of r e a l i s t i c

t u r h o m a c h ’n e r y  f low problems w ith some su c c e s s . ‘I’he streamline curva-

ture method has  been widely used in the solution of turh om achinerv fl ows.

‘l’he f i n i t e  d i f f e r e n c e  approac h is being d evelo ped and the finite el em ent

me thod app lied t o t urhomachine rv f l o w s  is s t i l l  in  the s t age of i nfa ncy .

Since the pre sent  work deals w i t h  two  d i m e n ~~i ona 1 f l o w  th roug h a

ca scade ot blades; so only a few contributions closel y related to blade-

t o -bl ade f l o w s  w i l l  he cited in the followin g. The streamline curva -

tur ~ m e thod and the finite difference method are now widel y used in the

sol ut ion of the blade-to-bl ade equations for stead:.’ compressible flow .

I n  the fir s t method , the streamline curvature method , a differential

e q u a t i o n  for  the grad i ent of stea mwise velocit y along the normal or

near  n o r m a l  t o  the streamlin e is written in terms of the assumed radius

of curv ature of the s t r e a m l i n e .  ‘Fb i S equat ion i s  t o t  egr3 -tt ed across

t h e  b l a d e  p as ” o ige  t o  g i v e  t h e  v e l o c i t . ‘i ’h i s me thod  appe ars  to  g ive

si t t sf ,ic t or~ l o w e r s  t o t ’ i s e n t r op ic t r a n s o n i c  flo w . but i t s  v a l i d i t \ - i n

f l o w  w i t h  s ho c k s  m u s t  he open t o  doubt  . In  t h e  second method , t he

f i n i t e  d i  t’femne~ e method , t h e  equat ion  i s  w r i t t e n  in  t e rms  of a stream

funct ion sat i f v  i ng t h e  con t  m u  i t  v eqil at ion , and so lved by fini t e

d i f f e r e n c e  schemes of m a t r i x  i n v e r s i o n  or rd Ixa t ion . Recent deve iop~

m I n t s  a r e  in  the category of the exp licit finite difference solti t ion

I t  the t i m e — d e p e n d ent Na y  ic r  S t o k e s  e q u a t i o n  i n  q u a s i  —c onsei’v at i v e  form

_ _ _ _ _ _
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governing the transonic flow of v i s c o u s  and comp ressible fluid . Wang

and M ach 2 ’ 3 had stud i ed this approach ca r e full y and attempted to improve

i ts computation efficiency as well as its accurac y . Unfortunately, it

h i s  been found t h a t  not only it s ef f ic iency nay not he improved

significantl y, hu t a l s o  i t s man y  s imp lifying assumptions are unsound ,

such as , i t  assumes that the location of stream surfac es is known

a p r i o r i  w i t h o u t  successive correc t ion s , t he f los fi e ld variat ions normal

to  t h e  s t ream su r faces  a re  ignored , ti l e r e l a t i o n  l ’e t w e e ;  the  i n l e t  and

o u t l e t  s t ream sur face  l o c a t i o n s  i s  l i n e a r , the f l u i d  i s  pe r f ec t  gas

w ith constant vi scosit y and heat-conductivit y , etc. The improvement

of this model requires the redeve lopment of the governing differen tial

equa t i o n s  i n v o l vi n g  severa l  comp l i c a ted c o o r d i n a t e  t ransformat ions .

F ur thermore , it is  a n t i c i pated that the computation time of the improved

model w i l l  be increased substantiall y . On the other hand , the resul ts

of this method ire in good agreement onl y w i t h  t he  exac t  incompress ib le

s o l u t i o n , excep t near the leading ed ge where grid accurac y is  f r e q u e n t l y

compro m ised . Therefore , it may he w ise to Start t h e  development of an

e n t i r e ly  new approach .

A p r o m i s i n g  s o l u t i on  techni que should he simp le , general , efficie nt ,

and c ap a b l e  of handling models of hi gher levels of sop his tication through

a sys tematic process of improvement s . The finite element method is

chosen not  o n ly  because i t  has t h e se  a d v a n t a g e s ;  bu t  also becaus e it i s

ex tremel y suitable for the comp lex geome t r~’ of turhomachin ery flows and

capabl e of simulating three-dimensional flows directl y requiring only

—-
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minor modif i ca iton of the t w o - d i m e n s i o n a l so lu t ion proced u re .  The

fini t e elemen t met hod is not new , hut considered well-est ab lished in

tile turh omachiner y world as a tool of the structural designer. u sin g

this too l , many p reviousl y in tractable proble m s in structura l design and

vibrationa l anal ysis have been reduced to routine c a l c u l a t i o n s .  In

comp arison with these sp ectacular ~u cees se s , e~ p l oit a t i on and app lica-

tion of this t ool by t he aerodynamic d e s i gne r has lagged b ehind .

Recen tly, the effort in the app l ica t ion ot ’ f i n i l e  e l e m e n t  m ethods

to prob l ems of fluid flo w has been i n c r e a s e d  d r a s t i c a l l y .  Numerous

repor ts have been pub lished . M a r t i n t , A r g v r i ~~, ~1 arII :ek , a nd Sc harp h 5

were among the earlier ones to study the lIT 1 ication ot f i n i t e  e l e men t

me t hods to fluid f low problems . The potential flo w s were treated by

No rrie and Dc V r i es 6. Leonard ” m d  Ge ld e r~ st ud i ed t h e  lir ieari :cd

c o m p r e s s i b l e  f l o w  problems by  f i n i t e  e l e m e n t  methods . oi- ~on
9 m d  B a k e r 1°

have d eveloped some finite element method al gorithms for viscous incom-

p ressible flow , primaril y for en vironm ontal studies. The unstead y

incom pressible flow around an o s c i l l a t i n g  hodr was inve s t i g a t e d  by

Bratanow , beer , and Koh iske 11 . Chan  and B r as h e ar s L app l i ed t h e  f i n i t e

e l e m e n t  to  t h e  a n a ly s i s  of t i m e - d e p e n d e n t  transonic fl ow iround a

sy m m e t r i c  a i r f o i l  executing harmonic motion. Some ini t i a l  results of

‘I’honpson ’s 13 in t he app l i c ation of the finite element method to the

flow through a cascade of airfoil s have been encoura g ing. Even thoug h

the c ase he studied was onl y for an inviscid and incom pressible ideal

flu id , the ex tension to the cases of com pressible , viscous fluids i s

~
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v e ry  p r o m i s i n g .  More r e c e n t ly , H i r s c h  and Warz e e ”1 o b t a i n e d  t h e

s o l u t i o n  of t h e  meridional throug h-fl ow in an axial-flow machine

using t he fini t e elemen t method , and the solut ion of t r anson ic

flow over an airfoil based on the fini te element mm ,th od was rep orted

by Chung and Hooks ’5 . The~’ a l s o  proved t h a t  not only the results are

satisfactor y , but also the method is simp ler and mo re versatile than

other methods existing today ,

‘rhe p resent work is concerned with stead y, inv iscid , incompressible ,

t w o - d i mension al flow through a casc ade o f b l a d e s .  And , the main objec-

tive is primaril y the development ot computer codes for model formulation

and solu tion usin g the finite element method . All  codes developed here

are as general as possible , so that they may he used to solve more

sop hist i cated mod e ls in the near future with as l i t t l e  modification as

p ossible. The attra ctiveness of the finite element method for computing

the flow through turh omachine s is its ca p abilit y of modeling three-

dimensio nal viscous and compressible flow ’s A detailed descri pt ion of

the mathematical formulation and the solution of the method are pre-

sented in the fo llow i ng chapters. The results are in good agreement w i t h

~‘ s p e r i m e n t a l  and ana l y t i c  d a t a  in the open literature.

~~, ~r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -‘- “ -- - -
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MA ’flll -Al \ I I  CAL M O l ) b I. FOR M FJLAT ION

-\l though the case of this thesis is the simp lest case , two-dimen-

s io n a l , i n v i s c i d , and incom pr essible flow ; the simulation of the r eal i~~tic ,

thre e-dimensional , t r a n s o n i c  f l o w  of viscou s , compres s i b l e , and hea t-con-

duct ing fluids is our o ve r a l l  o b j e c t i v e .  There fo re , the mod el for mula t ed

is in tended to be general and feasible for n odifi ca t ion to treat model s

of hig he r l e v e l s  0f sophistica tion in the future . For thr ee-dimen sional

turhomachiner y f lu ~ of a viscous , c o m p ressible and heat -conducting fluid ,

the genera li: ed governing diffe r e n t i a l  c l 1 u , m t  ions i n tensor notation are:

continuit y equation

+ cp~~J,~
momentum eqult ion

~~~~~~~~~~~~~ + l ~~~ (~~~~~
)

ene i ’g\  ( ‘ 1~~~i t ion

(3 )

e q u : m t  ion of sr rite

(dq)

E =.JC
~~~~

dT (
~~~)

w h ore

7 
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8

and defini tions of notations are given in  the nomencl ature.

The above set of five equations may he solved for the five unknowns

V i , F’, p , T and E . For a more general c ase , the state equations deterinin-

i n g  the functions Cv , \ , K , and p of the thermod ynam ic proper ti es should

he added .

In order to s imp lif y the governing dif fere nt ial equa t ions , the

assum pt ions  made are t i n e - i n d e p e n d e n c y ,  t w o - d i m e n s i o n a l i t y ,  constant

dens ity , :ero viscosi ty and :ero body force. The simp l ified governing

equa t ions become:

c o n t i n u i t y  equa t ion :

(6 )

‘l ’he momentum e q u a t i o n  is s a t i s f i e d , if the stream function is assumed to

sat  i ’ s f \  t h e  i r r o t : m t i o n a l i t y  c o n d i t i o n . I f  t h e  s t ream f u n c t i o n , ~ , or

velocit y n r ’ t e n t i a l , l~ , f o r m u l a t i o n  is  used , t he  f o l l o w i n g  re l a t ions

a r e  defined :

a = . ~~ -
~~~

(7)

— ~~~~~ ~~~~~~~~~~~~~~~~~~

By a s i m p l e  s u b s t i t u t i o n , the governing equation in terms of eith e r the

s t r e a m  f u n c t i o n  ($‘~ or t he  v e l o c i ty  p o t e n t i a l  (
~~) ~ay he wr i tt en in t h e

form of L a P l a c e ’ s e q u a t i o n :  

-‘- “---- ‘ - - - - ‘ - - -
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~~24~ 
~~~~~~~~

(8)

+ -
~~~~~ =~- o

~~x z

where the first equation is resu lted from the continuit y equation and the

second equation was derived from the irr otationa litv condition. In tensor

no tat ion , they are:

0
(9 -)

— C

In genera l , the c h o i c e  betw een v e l o c i t y  p o t e n t i a l  and s t ream func-

tion in the finite element formulation depends on boundary conditions ,

whichever  is eas ier  to s p e c i f y , as well as on the accuracy of the

solu tion. Althoug h the stream fu nction formulation is presented in detail

t o describe the solution procedure , th e pote ntial flow formulation has

been studeid as w e l l .

To impose the proper boundar y c o n d i t i o n s  i s  very important  d u r i n g

the procedures of solu tion . The stream function g iv es rise to l)irich let

t’I’p e boundary condition , i.e., t ile value of tile stream function is spec-

ified cons tant along a solid bounda ry. For til e periodicity of flow

proper ties in the cascade flow problem , the stream function value can be

taken into accoun t simp ly by spec i fying the upper and lower boundaries 
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w i t h  d i  fferent constants , m d  the diff erence between t h e s e  t w e  constants

should he t h e  same for i l l  pas sages . The velocit y potential formulation ,

h o w e v e r  leads to Neuma nn type bo und ary conditions , i.e., the derivative

of t h e  p o t e n t i a l  norma l to a boundary mus t he specif ied , Since the

no rma l component of the derivative of ~ is zero along a solid surface

boundary . The so lu t i on of the v elocity Potential usin g the Finite Element

M e t h o d  sa t  i s f i e s  these  boundary c o n d i t i o n s  (so c a l l e d  na tural  boundar y

c on d i t i o n s )  a u t o m a t i c a l ly . At  the  entrance and e x i t  of the  f l ow f i e l d ,

t h e  value s of the  v e l o c i t y  P o t e n t i a l  i r e  Spec f i  ed , t h e  g r a d i e n t s  of t he

st ream func t  ion  are  not n e c e s s a ry , h o w e v e r , because  the~’ are n a t u r a l

boundary  c o n d i t i o n .  One nay refer to Thompson ’s w o r k~~ for de tails . 

—-‘4—- - .-- ‘4 - -
~~~~~~
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F IN il l  P 1.lAll: Ni’ SOI,lI1 ’ I ON

-\s m e im t ioned p reviousl y , the finite element m ethod  i s  chosen not

o n l y because it is simple , general , efficieilt , and c a p a b l e  of handl i ng

model s of higher l evel s of sophi stication ; l)ut also because its suit -

ib m I i t y  for hi ghly ir regular boundaries of turhonm ach i ne ry  f l o w s  as w e l l

i s being capable of simulating three-dimensional solution procedure. The

finite element method is i systematic procedure through which a continuous

funci ton is approximated by a discrete model con si”ting of a set of

values of’ the g ive n funct ion at a finite number  of poin t s in it s domain

together w ith p iecewise app roximations of the function over :i finite

number of sub-domains , called “finite element s ” . The loc al approximation

of the furi ct j O ll over each finite element is uni quely defined in t e rms  of

t he d i sc re t e values of the function i t  tile finite number of preselected

po i nt s (nodal p oint si in its domain.

‘I’he general approa ch of finite element s o l u t i o n  is outlined below as

app lied to the i.ap l ace eaq i t ion  of t he  present st t idy . Fl rst of all . the

e n t i r e  f lowf i e ld ( t o  i)e referred to as the global system) is d vided into

a si t of finite e l e m e n t  s uh d o m a i n s  ( t o be referred t o as t he local elemen t

system). There is a wide variet y of finite element types from which to

choose . They v a r y  i n  shape , in th e order of pol ynomia l  used for inter-

p ol i tin g functions are developed . For a two-dimensional element , the

11
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accuracy in the form of element norm i s  determined b~’:

‘p.’ j

~~ C. 

~~~~~ 
~~~~~~~~~~ ( j~ij)

= II ~~~~~~~~ H

w h e r e :  ‘~ and ~ respect ive lv ire exac t  and a p p r o x i m a t e  f i n i t e  element

solutions of the problem respectively,

,-1m is mth order part ii i  different ial operator

f lA Un i e an s t he  energy  norm of A ,

C is a posi t ti e constant ,

II is the longest dimension ,

~ 
i s the large st diameter of a circle inscribed in the element

considered (see fi gure 10) ,

m is the order of the differential equation ,

p is the degree of t ue approximating polynomial or the inter-

polat ion funct ion of in element.

ice see clearl y that both the size (h) and the shape ( g )  a r e  important

to the accuracy of the approximate solut i on . Besides , the local gradi ent

of th e solution has to i)e considered in the final selection of the finite

el ement mesh system in order to obtain accurate results throughout the

en tire domain. It is also ohviou s that more accurate solutions may he

obt ained by using hi gher degree approxim at ing po lvno mi nals wit hin each

element witho ut c h a n g i n g  the element mesh system . The use of a hi gh order 

-- — ---------‘- ‘  - ‘4
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pol ynomial is thought to improve accuracy sufficient ly to sacrifice the

increased programming and computing effort . Therefore , an opt imum

condition of time degree of interpolation function s and the finite element

shape/siz e arrangement may exist to render the bes t possible computing

effi cienc y . Four different finite systems of var ious sizes , which are

shown in fi gures 1-4 , have been st udied for investi gating the effect of

s i  :e.

Once a finite element system is selected , t a k e  figare 1 for examp le ,

the stream function c in equation (9) is approximate within a finite

elemen t by

qi(~~~~~
,y )  =fl,çx1y~ 1~ (i i)

W i t i l  n l , 2 r ( r = t o t a l  number  of nodes in the  e lement  considered) ,

12n (x,’~’j are inter polation function s , ~ Tl are values of m4 at nodal points

of the element so that the i~q1 ’s are not functions of spatial coordinates

of the element. In tile present studs’, the quadrilatera l isoparametric

elements are used to approximate the solution over an element . The

element mesh system is chosen according to the anticipated flowfield

propert y variation as w e l l  as the geometry of the boundary . Therefore ,

tile stream function ~ within a finite element can be written by

qI(x,y) = (~,~~j)~ +J~ (x ,~)’~ + (~,y )(~ +J~~(~~~)44 (i2 )

Further det a ils concerning the interpo lation function are presen t ed in

appendix B.

-‘—‘4- - - ‘- ‘ ‘ ‘ -—  . — -
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‘rime n e x t  ‘~ t ep i 5 to est :ih I i  511 a func t iona 1 of the hound ar~ v i  I ue

problem ised on the varia tional method after time R a y lei gh-Rit z or iceighted

Residuals Method . An a p p r o x i m a t e  s o l u t i o n  of’ the problem is ob t a i ned by

ex tremi :ing t h i s  f u n c t i o n a l .  These two  methods , namel y , the Rayleigh-

Rit z ’s and the Ca lerk i n ’s , have been found very s u i t a b l e  for the  f i n i t e

el em ent , iri; i l ysi s of flui d flow ll rOb le tu s . Here , the f i n i t e  e lement

equation ot  the  t w o - d i m e n s i o n a l  cascade p o t e n t i a l  f low ba s ed on G a l e r k i n ’ s

me t hod j s  de r ived

1A ~p ~~ (13 )
~ w1 ~~1 ‘1

The details of the derivation usin g Cri lerk i n ’s M e t h o d  i s  p resen ted  in the

appendix .-\. it should he noted that the summnat ion cont ent  ion is  used

for a l l  repeated indices. Equa tion (13) is c rm lle u a local element equation

defined in each fin i t e  element sul do inain where n in are element nodal

n u m b e r s  . The C e  ut ’ c cut s A , and F ire c v i  1 uated , in the localnm n

coord i t i l t  e sy s t e m  • u sing the ‘~~~i i  u , i e t  r mc formulation. One should note

that Sin ce t h e  m n t e gl ’at ion i s  eri rmed in the loc al c o o r d i n a t e  sv ’-.t em ,

the .Jacoh i in of ’ the coord i n i t  e t r;mn s t o r m a t  ion is invo lved when the l ocal

e lement  e q u a t i o n s  are i s somb l ed u nto till’ g l o b a l  sy s t e m  in  the origin a l

p h y s i c a l  d o m a i n .  ‘l’he i n te g rit ion ‘ ,m ~ he c arr i ed out ,o , t 1 ~~t i c a l l v  or

nunm er i i i  ly , The coinpum i r program f l ’  e v i l  m i t  i ng t h e  se inte grals ii sing

Gauss mm  q u a d r a t u r e  has been de~’ e loped . l - x p e r  i enc e  has  shown t h a t  fou r

p o i n t  Gauss  tan q u a d r i t tire yields s u f f i c i e n t  l y a c c u r a t e  r e s u l t s .  The

wi i t  e r p r o g r a m  is i ng t h e  M A i I I L A B  (a ~vm ho  i i  c Comput  i ng  Language)  for

t h i s  purpose has  also been developed . 

-‘---“- ---- ‘-‘- -‘4- - - ——-
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fto. ing ev aluated the coefficients of A and F for all elements ,nm n

we can assemble all the element equations into a set of g lobal equat ions

i n  time following form:

= r . ( j.4.)

wh e r e :
,-, e

4 = ~~~~~~~~A . A  ~~~~~~~
‘

~ ~1I44

~ e
= F

11
and the incidence symbol is defined to he either one or zero depending

ott whether or not tile local element nodal number n coincides with the

g loba l noda l number i . Here , e i n d i c a t es  the element number , E equals

the total number of elements , and i and ,j des i gnate t h e  nodal  numbers of

the global system to distinguish from 11 and m , t h e  noda l  numbers  of the

local element s~’stem . One should note that til e summation is done over all

I i m ute elements , however , cmlv elements directl y around tile global node

w i l l  have a cont ribut ion . Therefore , the coefficient matrix of time

g l  I i i  1 equat ion i s usual lv a banded matrix . The computer program

developed is able to assemble all element equations imutom atica ll~’ .

In a bounda ry v a lue pro b lem , the most  i m p o r t a n t  step of the solution

pr o c e d u r e  is probabl y the introduction of the proper boundary conditions

needed for the ca se ot Laplace ’s I - q u i t i o n  a re  of t h e  I )irich let t~’pe ,i .e. ,

the boundary conditions ire specit ’ted const ant along a solid boundary



1 (

s u r f a c e  and f l o w  v e l o c i t i e s  (Neumann I C boundar y coiidi t i on ~ as t ’,ir is

t h e  stream fun c t  ion i s  concerned)  a r t -  , i s s um n ied norma I t o  t h e  en t  rance and

i x  i t of the flow -field (I- igure S ) . ~i ri ce the property ot the ‘‘nat i ra I

boundary cond it ions ’’ appea rs in t h~- i a r l i t  i ow I pri nt’ i p ie ot ~i boundar

va l ue pr ob l e m , the u n s p e c i f i e d  [ ) i r i c h  l e t  ty p e  h m n d i r  c o n d i t i o n s  , i t

the entrance and i- S i t  S i l l  , m i h o t t t i l l s  p 1o~~e r t \  and  ~‘ m e l d  t i e  ~~~ t

sii lu e s ,i it i n i t i c ~ul lv. The p e r i o d i c i t y  01 I low p r o p ~ ’r i ICS in the c ,i sciiLli’

I ’ low - p rob len car t he t a k e n  i n t l i c ,  t n t  s m  nip I b spec i I r t i g  I h i upper

a ild t o w e r ’ b o u n d a r i e s  w i t h d i t  i - t e l l L’ous t , I i I s , and th e ’  d i  f t ’erenc e b e t w e e n

these two c o n s t a n t s  r e p r e s e n t  i n g  t i l e  m a ’~~ I m x  of t i e  poss;ige and is

m a i n  t m i n e d  t h e  same t o  r a l l  ot hem’ pa -~ s ag es . U: ‘m e i her hand , in the

ye b c  i tv pot cu t iiml fo r r nu l  i t  ion , the im rid , i rv com id it i o n s  N ’ spec i f i  ed only

i t  t ir e c O t  r an c e  m l  e s  i t , m u d  no boundui ’m - c o n d i t i o n  i s  r e qu i r ed  a l o n g

t h e  s o l i d  s u r f i c i - ’- w h e r e  t i l e’ s o l u t  ion  w i l l  a d o p t  t ilt’ c n c c ; ’ -I  of nat i r , ml

b o u n d a r y  c o n d i  t i o n s , I n  g e n e r a l , t In ’ app l i c u t  ion  01 i , i i ’ i , i t  i o n a l  methods

i n c  I ud i ng t h e  t i  n i t  e e 1 ‘u - M t  ~ e hod t o  s o l v e  i w o  d i m e n s i o n a l  f l o w  w i th

b urd i r’ \ c od i t  i o n ” — i rm ~ o Iv m u g  non— :ero n o r m - i l  v e l o c i t y  in  a t ream

t i m n c t i -a n , .1 l i n e  u i t e g r i l  a l o n g  t q a r i d i t y  is requi red .

I i i , - mli i ‘v cond i t  i o n s  m im ~ ’ he d i s c  re t  i zed in w rit t eli I f l  t i l e ’  f o r m  0 1 ’ ,

0 ( i s )

i t  h r = I R (R  = t b e ’  t I i  1 number  ~~t houndar cur l d  i t  ions i =

N ( N  = t h e  t t , i l number of ’ t i 1  g lobal  gener a lized coordinate s or

I o t i l  number  I g lobal node s ) . ‘i’wo f ’ t h e  c o m m o n l y  used net hi od s , l ,~igr~i r g e

‘Iu i l  t i p l i  er Met hod and \ 1 d  i t i e d  jio u m rid,m r v M a t r i x  ~let  hod , have  ileen found

“4 - - - - - - - --—-— ‘4 “ 4 - “ ---- — ‘4-  ‘ —
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u s e f u l  f o r  impos ing  t h e  boundary conditions. The Modified Boundary Matrix

Metilod has be en found easier to use , and r e s u l t s  a f i n a l  set  of g l o b a l

e q u a t i o n s  of s m a l l e r  s i z e .

The next step is the solution of the final set of global f i n i t e

element eq uations with the boundary condition imposed. Using the

s L i H r u t  inc SINIQ , in  t i le  s c i e n t i f i c  subrout  j i m e  package , val ues of t h e

stream function at every unknown nodal points i ì , iv e  been obtained . One

m a y , if needed , compute  t h e  v a l u e  of t h e  s t r e a n r  f u n c t i o n  at any poin t in

t h e  f l o w f i c ’ l d  u s i n g  i n t e r p o l a t i o n  f u n c t i o n s .  The v e l o c i t y  d i s t r i -

h u t i o n  of t h e  I ’ l o w f i e l d ,  t he  p re s su re  c o e f f i c i e n t  on the  su r face  of

b lade , and s t r e a m l i n e  d i s t r i b u t i o n  in t he  f ield m ay a l s o  be c a l c u l a t e d

from t h e  r e s u l t s  of the stream function . Computer codes for both

e t - m l u a t i n g  and plo tt ing t h e  p ressure  and v e l o c i t y  vec to r  h a v e  been

d e v e l o p e d .
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CHAPT ER IV

RES ULTS

‘I’he f l o w  phenomena s t u d i e d  in t h i s  p r oj e c t  is a t w o - d i m e n s i o n a l ,

steady , inv i sc id and incompre ssible fl ow through a cascade of blades.

‘l ime computer codes for model formulation and solution u s i n g  the  f i n it e

e l e m e n t  method  have  been developed . A l l  codes (ma i n , subrou t ines , and

f u n c i t o n s )  a re  des i gned in  the general form , so t h a t  they  can be u t i l i z e d

foi  the sm mul ,mt ion of more comp l ex  phenomenon in t he  f u t u r e .  A l l  the

compu t a t  ions were performed at the Computer Center of t h e  Universit y

I’ M i s s i s s i p p i  using the I ’LL -l I ) c o m p u t e r .  The f l o w  c h a r t s  and

m i m ’ s c r  i pt ion of  t I l l ’ ma i n  p r o g r m u  and subrout  ines  are presented in A p p e n d i x

[I ,

u s i n g  t i~i’ stream function formulation of potential flow , the

l i  r i c h  l e t  ty p e  h o u m n d a r ~’ c o n d i t i o n s  a l o n g  t he s o l i d  su r f ace  are speci fled .

‘l ’he per i o d i c i t v  of f l o w  properties in the cascade flow problem in terms

of t h e  st  r e a m  f un c t  ion  can be t a k e n  i n t o  account  si mp lv  b y specif y ing

common d i f f e r e n c e  in ~a l u m e s  of s t r e a m  f u n c t i o n s  on t h e  upper and lower

b o u n d a r i e s  of each f l o w  pissag (’ , I n  t h e  case of the Laplace equation in

terms of the velocity p o t e n t i a l , t h e  v a lu e s  of t ime  v e l o c i t y  p o t e n t i a l

; m t  t h e  e n t r a n c e  and t h e  e x i t  a r e  s p e c i f i e d  and v a l u e s  of v e l o c i ty

p otentials for time rest boundaries can he automaticall y evaluat ed

lS

— ‘4 - - ----- --- - -- -‘ ----- ---‘-
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by t h e  F1’ \ i , a vu i’ ju t i ona I approach

-\ pp l v i n g  t he  p rogram deve loped  to the  case  of a cascade  of ova ls

ill  p o t e n t i a l  f l o w , p roduce  a result comparable to that of’ the Thompson ’s.

Lim e v a l u e s  of tile stream function at an~’ p o i n t  i l l  t h e  e n t i r e  f l o w f ie l d

can he evaluated by this computer program either as direct solutions

ot’ t h e  g l o b a l  r o t i a t i o n s  or r e s u l t s  of i n t e rp o l a t i o n  f u n c t i o n s .  ‘I’hus ,

strea nr lines in the entire’ t’l owfield can easil y he plotted (Figure 5) with

a ( ‘ - \ l i ’OMI’  p l o t t  m r  , ih e  p r t ’ s x i m r ’ e  d i s t r i b u t i o n  on t h e  sur face  of blades

is shown in f igure ‘
~~ , , \ s  expec ted , t h e  speed on tile front half of

the pressure su r f  ice of the b lade  is nearly a c o n s t a n t , and accelerating

t’or t i le  rea m ’  part ot’ the hi ade . In  f i g u r e  10 , tile magni ’t ode and d i r e c t i o n

ot  the  v e l o c i t y  v e c t o r  a t  e v e r y  noda l  p o i n t  i n  t he  f i e l d  are p l o t t e d .

‘rhe velocit y gradients in the bl ade- I -b lade direction at the entrance

i s app rox imatel y z e r o  and a certain con’-tant respect ive lv Ih e  r e s u l t s

o b t a i n e d  by t i le f i n i t e  e l enient so l u t  ion  a re  il l good a -,: r e e m e r i t  w i t h

i s e r im lnt i i , ana i \ ’ t ic , and o t h e r  m p ~~r o x i m : m t e  solut iOns published .

f - i go re  ti shows that higher ~icciir ,i c’’ can he o b t a i n e d  by u s i n g

more element ~ am id / o r  s m a l l e r  e l e m e n t s .  By l e t  ing  d i f f e r e n t  p a r t s  of

t i l e ’ program , i t  was ft’mtm nd  t h a t  most  of the computing time is used during

t i l e  i s s e m h m k i n g  process  of t h e  c o e f f i c i e n t s  of ti le g lobal  equ;it i ons  from

t h e  coefficients of the loca l element equations. I n  o rder  t o  ctore

th i s  incidenc e m a t r i x , i t  r e q u i r e s  a large number o t’ comput er memory

c a t  i o n s  and a iso takes ;i lot of com put ing  t i m e  to search f or t i le
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ca  inc i eb,’ n ce  h e t i s e’ i ’ iu  t ime ’ l oca l  nodal  number and t h e  g l o b a l  nodal  number .

.-\ p l o t  of  t i le  amount  of c o m p u t i n g  t i m e  required to s o l v e  the e n t i r e

p r o b l e m  a g a i n s t  the number of e l emen t s  used to app roximate tile problem

is given in fi gure 8. By examining these curves , it is found that the

comput ing ime is clearl y proport iona l to  the cubic power of the

number of elements used for the case of a s s e m b l i n g  hr  i n c i d e n c e  m a t r i x ,

\pp l v i n g  til e improved  :m ssembl ing  t e c h n i q u e  I see A p p e n d i x  C for d e t a i l s )

t h e  c o n l u i r t  m r m g t ime requ i red for so lv  i r m g  a t y p i c a l  c a s e  has been reduced

h~’ a fa ctor of si c,

- - - ‘-‘4 —‘ - ‘- - - - ‘ - - “--“ -_ ‘- - “~~~~~~~~~ ‘-- -~~~~



CHAPTER \!

CON C LI IS ION S

‘\ finit e element model of the steady, two-dimensional , potential ,

cascade f l o w  has been e s t ab l i shed . N u m e r i c a l  r e s u l t s  for var ious  cases

h ave been generated using a Fortran IV Computer Code/including several

subrout ines , func tions , as well as a main program . Resul t s of typical

cases , such as ones p lo tted in figures 5 , 6 and 7 , con form we ll wi th

the potential cascade solutions . By examining the vel ocit y vector

p lot (fi gure 9), one can see that the magnitude of the velocity

incr eases where the cro ss-seciton area of the flow path decreases and

vice versa . The direc tion of the velocity at every node on the pressure

and suc tion surfaces has be zn calculated and found tangent to the blade

surf a ce. It further shows the flowfield ob tained from the finite

eleme nt model is ph ysically sound .

To further verif y the correctness of the Finite Element Solution ,

the  n o r m a l i z e d  static pressure distribution along the pressure and

suction surfaces of the cascade flow is reduced from the stream function

Folut ion and p lotted in Figure 12 to compare with the Delancv ’s16

r c ’ s i m l t  ba sed on the hi gh l y  s o p h i s t i c a t e d  f i n i t e  d i f f e r e n c e  made as

well as some experimen tal data of the sam e cascad e configuration

provided in Delancy ’s disser tation . The deviation between the finite

elemen t solut i ons and De lancy ’s resul t is primarily due to the differenc e

21
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in the basic model assumptions. The present  mode l i s  based

on the  incompress ib le  f l u i d  assumption ; w h e r e a s  I m r ’ l a r c y ’ s model was

based on a subsonic compressible flow assumption . The primary reason

for comparing with Delanc y ’ s resu lts is tile fact t i u m I  his cascade

geome t ry is adop ted for the present stud ~ , In the same figure , one

c an also see the fact that the pressure distribution reduced from

the velocity potential solution is in better agreement with Delancy ’ s

res ults than that from the stream function solution . It is generall y

t rue that the velocit y p otential solution is more accurate than the stream

f u n c t i o n  solution . However , the stream function formulation is more con-

v e’nient in spec if y ing the boundary conditions. During the present studs’,

the thin trailing ed ge of the airfoils if used , so that the Kutta condi-

t ion at the trailin g ed ges is no t needed . It ha s been observed numerical l y

t ha t  a sli ght i r c r e ~m s e  in trailin g edge thickness results a large change

in f lowf ie ld  pr ope r ties , e speciali n’ the static pressure distribution .

This  o b s e r c a t i on  d e n on s t r at e s  the  importance  of s a t i s f y ing the Ku t t a

c o n d i t i o n  it t he t railing edges .

I t should he emph asized again that the primary ob jective of the

rr (’sent stud y is to develop a general computer code based on the finite

elemen t mm thod f o r  solving the two-dimensional cascade flows. The

~u o t cn t m a l  f l ow  mode l is chosen to serve as a test case for  v e r i f i c a t i o n

purpo ses. Based on the aforementioned results , i t is obv i ous that the

c o m p u t e r  code is satisfactor y and can generate reasonable fl owf ield

c h a r a c t c r i s t i c c  from a realtively simple element system . Some effort 

-—-- .-“--~~~~~~ --‘- - -~~~~~~~
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has  been devoted in i mp r o v i n g  the e f f i c i e n c y  of the f i n i t e  element model .

Al though an a n a ly t i c  w o e  to de te rmine  the  opt imum configuration (size-shape)

of the finite e l emen t  sy s t e m  for ob taining a reasonably accura t e resul t at

least comput ing cost has not yet been established ; the relation between

comput ing  t ime and number of e l e m e n t s  has been established based on the

computer exper imenta t ion  of severa l  d i f f e r e n t  f i n i t e - e l e m e n t  sys tem

conf i g u r a t i o n s  shown in  f i g u r e  1-4 . I t  i s  seen in f i g u r e  8 t h a t  the

comput ing  time is  approx imate l y proport ional  to the  cubic  power of the

t o t a l  number of e l emen t s  used to d i s c r e t i : e  the f l o w f i el d .  Using t h i s

curve one can , at least , e s t imate  how much more he has to pay for the

bet ter accuracy h e ge t s by increasing the number (reducing the size) of

e l e m e n t s .  In the  same f i gure , one also sees tha t  the computing t ime

required t o calcula te the f lowf ie ld u s i n g  a sp e c i a l  assembling technique

f o r  o b t a i n i n g  the global equation is ~~asiderably reduced. mUthough this

sp ecial (or improved) assembling techni que is no t as general as the

inc idence ‘c ;mtri x scheme ; it is definitely more attractive for develop ing

a p rod uction program. i’he bas ic concept oi ’ this special assembl ing

technique is h riet ’ l -c described in Appendix C , and the de tails of the

SChe ’iiil’ is in the computer program .

One should also note that almost all subroutines and functions

d evelo p ed from the present study are in a form as general as possible , in

order t h a t  th ey can be used in the’ future to simulate cascade flows of

higher level sophis tication with little or no modification .

- ‘- ‘4.. - - -  -‘-~~~~_‘-— ‘- — “ - -- ‘ ‘ -  - -~~-—-~~~~~~- -‘- - ‘4’-- ’
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I t is generall y agreed to the fact that the computing time for

sinm ul i ti ri g a typical boundary value problem with moderatel y irregular

boundary geometry’ by the finite difference and finite element methods are

c o m p a r a b l e  at t h e  p r e s en t  s t a t e - o f -t h e - a r t . In v i e w  of the fact  tha t

the finit e difference schemes have been in existance much longer and

thus have much more refinements built in to them than that of the

finite element method , which is still in its infant stage , as fa r as

fl osfield analysis is concerned . It is quite clear that the finite

el,’un e ii t modeling of the cascade flow i,s more promising in the future ,

because there is ple nty of room for refinement .   

,.- - -.‘-“-“--‘-



CHAPTER VI

F :~~) \ N I )~~’ iON

I t is quite obvious that the realistic turbomachinery f l o w  is a

three-dim ensional , unsteadn’, non-uniform , and turb ulent flow of a viscous ,

compreo~sib le , and heat-conducting fluid with additional complications of

boundary layer separation , cavitation and even shock dave interaction s

for some cases . Althoug h the computer program developed from the

prese nt s tudy i s for tile simp le st case , the two-dimensional , potential

cascade f l o w : some bas ic  sub rou t ines  are d i r e c t ly  app l i c a b l e  to  more

genera l  and sop h i s t i c a t e d  models as well , and some other subroutines

require only min or modifications. l~ith this basic and qui te general

computer code in hand , one shouldn ’ t ha ve to much d i f f i culty to attack

t he  cascade  f l o w s  of higher level sophistication .

hue to  f a c t  o f sma ll fl ow passage , the viscous effect~ should h e

con sidered . A n incom p ressible and v i s c o u s  model for  the cascade flow

un iv he’ i log i c a l  e x t e n t  ion of the  presen t study . Tile comparison of time

proposm’d nmode l with the in eiscid model will provide a be tter understand-

i n g  mf the viscous effects in the two-dimensional , low speed , cascade

t I ow

The next model of interest ma y v e r y  w e l l  he t he  t h r e e - d i m e n s i o n a l ,

vi scous , and inc ompressible flow in an a xi il -f l ow turbomachine. From

25

~ 

-



I

26

this investi ga t ion , time effects of secondary motions may be explored.

Since the finit e element models of two -dimensional and three -dimensional

cases are not that much different , which is no t the case for the finite

dit ’ference schemes; the stud y of three-dimensional case should be completed

in a shor t period t ime .

In add i tion to the above two models proposed , one can increase the

mod el comp lexit y one ste p at a time in a systematic manner. Final ly,

the tru l n’ realistic phenomena may , one d ay , he simula t ed sa t isfac torily.
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Fi gure 11 . Determination of Size and Shape of an Element
h ‘is the longest dimention and ~s i s t he largest
diameter of a circle can be inscribed
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10 R l \ - U  IO N 01 l iL A !,  F I N I T E  H ,l  M F N I  EQUA 1’ I ON S

The l o t  ent i al  L i  oi~ through a c,i scaC,I(’ C )  f t~ 1 odes of ’ t u r b o m ac h  i nes ca’i

be gove rn ed  h~’ t he  L a p l a c e ’  C,’~~~ot  ion , in  t erm s ) C f  t h e  s t r e a m  f u n c t i o n

be 1 ‘s

= — 1 ~ - 2 ) ( A- I- )

f o l l o w i n g  t h e  conc’,’1’t of ’ th e  f i n i t t ’  e l e m e n t  method , t h i s  e q u a t i o n  i s

a ssumed  app licable ’ to  each e l e m e n t  (a s ub d o m a i n )  of a selected finit e

c ’l t ”ment  s v C t e m  for the boundary value problem considered , and the

~t ream funct ion , , , s-i thin each c l e m e n t  is  ;ipprox i ‘at cd by an inter—

pol it ion f u n c t i o n , such as:

h4~J = (r ~~~1, 2, --- N) (A- a - )

she ’ re ~~ y I i s g e n e r a  liv referred to aS i n t e r p o l  it  ion funct ions

is the v a lu e  of  the stream funct ion at a node numb ered  ‘ n ’ of ’ the

ci ~‘m, ’ i 1  , and N is the t o t a l  number of nodes for t lie element . One shou ld

i i ’ t i ’  t h a t  t he  s u m m a t i o n  convention has  been imp l ied  in  a l l  e q u a t i o n s

w i t h  r epea ted  i n d i c e s , u n l e s s  i n d i c a t e d  o t h e r w i s e .  A c c o r d i n g  to the

M e t h o d  of  l~e i gh t e d  R e s i d u a l s , a r e s i d u a l  for each clement max’ be

de fined and mi n inu~ ed in the f o l l o w i n g :

44
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R =  V~~~~ 
(il-3)

(R1
~~~

) _ J  ~~~~~d4 =o  (4 -i)

App lying the Green—Ga uss theorem , equation (A - 4 I i s  c o n v c ’r t e d  i n t o ,

S~~~~~
J
~~

c15 J4e~~~~~~~~~~~ 
(A~~~~~~)

w h e re  ~ i s  a ~or t  i ou  of the  boundary where the Neumann boundary condit ion

is pi ’e~ c i ’i b ed .  S u b s t i t u t i n g  t h e  i n t e r p o l a t i n g  functions , giv en in

~- \ - 2 )  
* l f l t C ) ( - \ -- 5 • one o b t a i n s  the Local Finite F,lement Equat i ons

belo w :

=

ç ~~~~~ 
CA-7)

p v~ ~~q r ) ~ J2~,d5

L ‘ - -‘ - “ -~~~-- ‘
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C\ I H N!’IX B

FIlE I N  FFRI’Ol ,-U’I ON F-! I\CF Ii )N FOR

QRAI 1R I I A T I l.l U , I SOl~ \ F \ ’ J L T R I  C I l l  h - M I  N’ !  5 i5 ’l ’l M

Cons i d er  an a r b i t r a r i l y  shaped qu a d r i  l i t e r a l  e l e m e n t  as shown in

F ig. 11 . l’he isoparamn ’tric coordinates and ,-~ 
whose values range from

0 to 1 are established at the centroid of the element , The referenc e

c,iu’ tes ian coord i nates \ and I and the variable ’ u over the element are

r e l a t e d  t o  and p  b y :  C

X =1,2,3,~~~~4) ~~8-1)

Y - ~8-2)
= ~~~~~ (~~~~~~~ ) (8-3)

I i k e  eqiua t i o i l  (B - 3 1  for e x amp i  c’ , one mat’ derive the interpo l at ion func -

t I O i l S  05 f 1! ow i ng :  j
a =

- I f ,



—-‘ -~~~~~~ —“~~~~~~ ‘-

u s  I ug the t’oui’ cond I t ions it four c orn e’ r nodes  of ’ the ci emn ’nt , one

can d e t e’i ’mine  t h e  values of four arbitrar y constants~~D(1~~
,

=

~~~~
‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(8-’~
-’)

~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~
= c~~TqQ~,) 

*~~~~~
4

~~
(I

~,&) -
~
- ~~~~~ +ci’~4~ ~~~~~

01’ 

~~~~~ ~~~ k?~
) 

~~~~~~~~~~ ~~~ (~~~~~~~~ ) 
~~~~~~~~~~

c.l~ ~~~~~~~~ 
-f

~
(!,~~~, 

~~~~~~~~~~~~~~ 
fQ,(.~1

’ , ’7~~) ~~~~

= (8-6)

f
~L’fl j~~(~~~~~

l7)  ~~~~~~ ~~~~~~/?~
) °‘~

~~~e/?t~ ~~~~ 
4

3
(~~9,7, ) -f4~’!,,~ c~’~

01’ S i I ilj)I 1’

I { ~~J I <~J= 
~~~~~~~~) (8 -6 )

w h er e

[
~~~J~~~~ ~~[-c~cs~~1’~~)j

from e q u a t i o n  ( B — o )  , one  can s o l v e  for 
*

= { R~ 1~~a4 (8-7

Stihst i t t it l u g  ( B — 7 )  i n t o  ( B — - i ) ,  i t  y i e l d s ,

U= { f~ ,?)Jf F H~~ (S-s )
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which i s  t h e  g e n e r a l  i n t e r p o l a t i o n  fu n c t i o n  of u ,
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BR I FL D ES CR I PT I ON UI : A_N I Mi I.5 )\ ‘l l) • \ SSE MB I , T N O MET II OF )

‘l’o assemble the loc al finite element equation , one at each node of ’

e ’~ e’I’v e l em e n t  * i n t o  a g lobal set of equa t ions , the most str,i I ght forward

s , I’  to do i t  i s  t i e  so called Incidence M ,Itri ,\ Method . ‘th is scheme has

l’ ei’~i des c u -i bed in Lhapter I l l  . \ d i  sad~ nt  ‘I CC  of this sche me is i t s

u ’cCj:i i rement of .i large amount of c o m p u t e r  storage space to  store a quite

large incidence matr ix (or sy m b o l ) ,  Because of this , a lot of valuable

colnp ut  i n g  t i m e  a re  needed to  search  fo r t h e  c o i n c i d e n c e  b e t w e e n  a loca l

node of an  e l e m e n t  t o  a g I C C h O  1 node , and t h u s , ‘, a ke~ t h i s  scheme not

ver y pr act i c a l  espec jail ~ 
for  a c o m p u t er  is i thout a very large memory.

i n  ‘~ jew of t n i s  t a c t , an improved assembling i n ’ t h o d  ha~ been deve iopt ’J.

‘l’he b.is i c idea of this new met hod i s ~‘ery si nip!’. By careful lv

selc -c t ~ng t h e  o d e  of t h e  g !ob I node ri:n iber , th e ‘.‘l enk ’uit n u m b e r  and t I ,

lo ’.’ .i I ci ca nt node number , t h e  i i  gel’ u’a i c i’e l i t  i on Sh i p am on g  t h e s e  th ree

n u mb e r s  ca n be estahi i shed , such i s

IJ = I NC , NR ,N F .I) (C-I )

she r’’.’ 1 .1 I s t i t ’  g l o b a l  node’ numbers for nodes conec t ed to flC ’d e I * NC ,

N k and NE are co lumn numbe r , row number of g lobal nod ’s and e l e m e n t  number

respect i v e lv . One should n o t ’ .’ I h i t  this equ a t  ion is sri t ten i n  a g e n e r a l

L ~~~~~~~~~~~~~~~~~~~ ~~~ -
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f o r m  for  i I l u s t  rat ion of the basic i d o  - ‘I’he deta i i ed relations are

b u i l t  i n t o  t h e  compt i t  er program 1 1 st ed in A p p e n d i x  D . Dur ing  t he

a s s e m b l i n g  ‘r C C ’ .ess, t h e  c o mp u t e ’I’ goes t h r o u g h  t h e  g l o l ’a l  nodes , one at

a tin ie , accord ing to thei ” order. At each global node , there is a

global equat ion such as

= I- ,
ii _1 i I ’

— — -

where ‘p are values of ’ stream fitnct i on at  node -\ 
~ 

a r e  co e f f ic i e n ts

eva luatc ’d bet is  cell  node i and node j ‘s , and F~ i s  a known  v a l ue  it node i .

In genera l , i may v a r y  fr o m  1 t o  N “I ’ ( t he  t o t a l  numb er  of global nodes)

so t flat A ‘ s ,i I” .’ u~ ua l ie ’  ev a l u a t e d  Ni t i ;ies for each i us i ng t h e

general assn iehi ing scheme such as the incidence m atrix method . As

mentioned previo usly, the coeffi cient matrix of the g lobal equation s

i s  u s u a l  l~ a hand matrix due’ t o  the fact that only those j nodes

di root iv connected to i node in a f i n i t e  e lement  ( s i d o m i in) a ffects node

i , and t h u s , t he  correspond i ng A ’ s :ii’ e’ n o n - z e r o . The improved  a s s e mb l i n g

ni,’thou deve loped  f rom t h e  p r e s en t  st  d v , det C I  S~ iies w h i c h  A . . is non-

zero , and then , t h i s  n o n - z e r o  ‘\ . i s  assemb l ed by t h e  l a i n  p ro gram :

( )m10 t I ng t ime u s  g i ’eat iy  saved as w i t  n ’.’~ sed in F i g u r e  5
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APPEN [)IX 1)

F LOW CHART OF COMPUTER PROGRAM

MAIN PROGRAM

~~~~~~ T~TlT~~, NKT1
and X(NN ) , Y (NN), PSI(B)

evaluate coefficient of
interpolation function
and its derivatives w.r.t.

~ n , respect ivelv

I = 1 ,2 ... .,NN
J = 1,2.... ,NN —

Li = 1,2 ,.. ,L

evaluate output , Kl , K2
call subroutine DETMIN

output = 0 yes

no

evaluate elements of
JACOBIN and its inverse
call subroutine JOE

51
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evaluate coefficient
of element equation
according to Ki , K2
call subroutine COE:

set up the integral equation
in terms of ~ and r~.

function CNM

evaluate A (~ ,M) corresponding
to the global nodal number
I and J
Call subroutine GAUSS

sum up GJ ~1 ,J)

Ll = L no

yes

J = NN
no

yes

I =NN
no

yes

impose the boundary value
of PSI(B) and simp lify the
global matrix

call subroutine MXRD

A
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solve the simplifi ed mat~~~~]equations to obtain PSI(NN)

call subroutine si~call subroutine MXEL

PSI(NN)

C~ toD
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ABSTRACT

CO~1PUTER SIMULATION OF TWO-DIMENSIONAL CASCADE FLOWS OF IDEAL FLUIDS

StJ ,TSU-YI 8 S,., Tatung Institut e of Technology, 1974.
M .S., University of Mississi ppi , 1978.
Thesis Directed by Dr. Shu-Yi Wang, Associate Professor of

~1echanical Engineering.

The st€ady two-dimensional flow of an inviscid and incompressible

fluid is simulated by the dig ital comnuter using the finite element

method . The finite element method is chosen not onl y because it is

simple and general , but also because it is extremely suitable for the

complex geometry of the flow environment. The computer program deve-

loped for the simulation contains several subroutines. Each of them

is used to carry out a specific step in the model formulation as well

as solut ion procedures. All subroutines are desi gned in a genera l

form , so that they can be used to simulate models of hig her level of

sophistication with little or no modification . The potential cascade

flow results obtained from the present study are in good agreement

with those of others published .
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